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Chapter 2

Functions and Graphs



SECTION 2.1 The Rectangular Coordinate
System and Graphing Utilities

The distance between two points (xy, y;) and (xz, y2) In a
rectangular coordinate system 1s given by

d = \/{Xj — -I[]z + [:'Ir-”ﬁ_ — }’HE

The midpoint between the points 1s given by:

(Xt X YW
M = T




Example 1:

Given (—4, —5) and (6, —1), find the distance between the
points and the midpoint of the line segment between the
points.

d=\V[6—(—HP + [-1 — (=)
d = \V(10)? + (42 = V116 = 229

446 =5+ (=1
M = . = (1. -3




Graphing an equation:

To graph an equation 1n a rectangular coordinate system, plot
several solutions to the equation to form a general outline of
the curve. Then connect the points to form a smooth line or
curve.

Determining x- and y-intercepts:
To find an x-intercept (a, 0) of the graph of an equation,
substitute O for y and solve for x.

To find a y-intercept (0, b) of the graph of an equation,
substitute O for x and solve for y.



Example 2:
Graph x = y* — 4.

X 5 0 -3 | —4 | -3 0 5
¥ -3 | =2 —1 0 1 2 3

X-intercept: A

y-intercepts:
x=y —4
0=y —4
y=2ory= —2




SECTION 2.2 Circles

A circle 1s the set of all points in a plane that are equidistant
from a fixed point called the center. The fixed distance
between the center and any point on the circle 1s called the
radius of the circle.

The standard form of an equation of a circle with radius r
and center (h, k) 1s

x—h>*+ @ —k*=r

(x,y)




Example 1:

Write the standard form of an equation of the circle whose
center is (3. —3) and whose radius is 5.

x—h>+ (@G —k>=r

S 1\ ]? )
x=3)7+|[y=(—-35)] =06

25

1D | —
S—
I~

|

(1—3)2—|—(}?+



An equation of a circle written in the form x* + y* + Ax +
By + C = 01s called the general form of an equation of a circle.

Writing an equation in standard form:

By completing the square, we can write an equation of a
circle given n general form as an equation in standard form.
The purpose is to 1dentify the center and radius from the
standard form.



Example 2:
Write the equation of the circle in standard form. Then
identify the center and radius.

X+ y —12x+8 +5=0
X —12x+36+y +8y+ 16 =—=5+ 36 + 16
(x — 6)" + (v + 4)° =47
The center is (6. —4) and the radius is V47.
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SECTION 2.3 Functions and Relations

A set of ordered pairs (x, y) 1s called a relation in x and y.
The set of x values is the domain of the relation, and the set
of y values is the range of the relation.

Given a relation 1n x and y, we say that y is a function of x if
for each value of x in the domain, there 1s exactly one value
of y in the range.
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Example 1:
Given the relation {(8, 2). (3, 2). (9, 5)].

The domain is {8, 3, 9}.
The range is {2, 5}.

Example 2: _
SdIne X

Y Y
The relation {(4, 6), (3, 5). (4, 1) 1s not a function.

T different y f

The relation {(3, 5), (2, 1), (9, 0)} 1s a function because no
two ordered pairs have the same x value but different y values.
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Vertical line test:

The graph of a relation defines y as a function of x if no
vertical line intersects the graph in more than one point.

Example 3:
¥ Function v Not a function

Domain: (—2, ) Domain: [—4, 4]

Range: [ —4, =) Range: [—2, 2]
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Evaluating a function for different values of x:

A function may be evaluated at different values of x by using
substitution.

Example 4:

Given f(x) = 2x* + 3x.

f(2) =2(2) + 3(2) = 14

fx +4) =2(x + 4" + 3(x + 4)
= 2(x" + 8x + 16) + 3x + 12
= 2x" + 19x + 44
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Determining x- and y-intercepts:
Given a function defined by v = f(x),

* The x-intercept(s) are the real solutions to f(x) = 0.
* The y-intercept is given by f(0).

Example 5:
Given f(x) = |x| — 2,
* To find the x-intercept(s), substitute O for f(x):
0= |x|] —2
x=2 o x= -2
The x-intercepts are (2, 0), (=2, 0).
* To find the y-intercept, evaluate f(0).
f(Oy=10 -2=-2
The y-intercept 1s (0, —2).
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Determining domain from y = f(x):
Given y = f(x), the domain of fis the set of real numbers x
that when substituted into the function produce a real number.

This excludes
* Values of x that make the denominator zero.

* Values of x that make a radicand negative within an
even-indexed root.

Example 6:
+ 5
* Given f(x) = -

. the domain 1s (—oo, 3) U (3, o).
Y —

* Given g(x) = Vx — 3, the domain 1s |3, =).
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SECTION 2.4 Linear Equations in Two Variables and
Linear Functions

Let A, B, and C represent real numbers where A and B are not
both zero. A linear equation in the variables x and y 1s an
equation that can be written as Ax + By = C.

Example 1:
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The graph of a linear equation 1s a line.

* A horizontal line has an equation of the form y = k where

k 1s a constant real number.

* A vertical line has an equation of the form x = k where k

1s a constant real number.
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The slope of a line passing through the distinct points (x;, v;)
and (x,, y2) 1s given by

Ay  y—w

Ax  x — x

* The slope of a horizontal line 1s 0.

* The slope of a vertical line is undefined.

Example 2:
Given (—4, 5) and (6, 3).

(x1, vy) and (x,, y,) Label the points.
3—35 -2 1

e —(=4 10 5
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Slope-intercept form of a line:
Given a line with slope m and y-intercept (0, b), the slope-
intercept form of the line 1s given by
y=mx+b
* A function defined by f(x) = mx + b (m # 0) 1s a linear
function (graph is a slanted line).

* A function defined by f(x) = b is a constant function
(eraph is a horizontal line).
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Example 3:
Given 2x + 9y = 18, write the equation in slope-intercept form.

2+ 9y = 18
9y = —2r + 18

2 2
= ——x+2 = —x +
y g.r or  flx) gx

2
The slope 1s 0 The y-intercept 1s (0, 2).
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Average rate of change:

If f 15 defined on the interval |x;, x,|, then the average rate of
change of f on the nterval |x;, x,] 1s the slope of the secant

line containing (x;, f(x;)) and (xy, f(x,)) and is given by

flr) = flx)

I — X
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Example 4:

The average rate of change from x; = 8 tox, = 10 1is

f) — fxp) 71 —81  —10
il — = = = — .
X2 — X 10 — 8 2

Average Monthly Temperature (°F)

100
;,_;‘* 80
a3
E 60
o
E 0 O
5
— 2{] et eeeteseeeeseeestees seseeseaes fasues femes eseees sasts seasas ases fesees seres ssses sasses sesss seees seees nsess sies serais seees seeses siess ssesas seeea seeers seters sesnt seraen
0 | | | | | |
0 2 4 6 8 10 12

Month (x = 1 represents January)

The average monthly temperature between August and
October decreased by 5°F per month.



Solving equations and inequalities graphically:

The x-coordinates of the points of intersection between the
graphs of vy = f(x) and y = g(x) are the solutions to the
equation f(x) = g(x).

Example 5:

Solve the equation and y

a. 2x+2=—x+25
b. 2x +2 < —x+ 5
c. 2x +2=—x+5

a. {1}

b. (—oce, 1)

c. |1, 20)
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SECTION 2.5 Applications of Linear Equations and
Modeling

The point-slope formula for a line 1s given by y — y; =
m(x — x;) where m is the slope of the line and (x,, y,) 1s a
point on the line.

Example 1:

Use the point-slope formula
to find an equation of the line
passing through the point

(2, 1) and having a slope of 4.

v— v, = mx — x;)

y—1=4x—2)

y—1=4x —38
v=4x — 7




- Slopes of parallel and perpendicular lines:
e If m; and m, represent the slopes of two nonvertical
parallel lines, then m;, = m..

* If m; and m, represent the slopes of two nonvertical

perpendicular lines, then m; = ——— or equivalently
m-,

mm, = —1.

Example 2:
The slope of a line 1s —%.

« The slope of a line parallel to this line is —.

* The slope of a line perpendicular to this line is 3.
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3.1 8= © " Using a Linear Function in an Application

A family plan for a cell phone has a monthly base price of $99 plus $12.99 for
each additional family member added beyond the primary account holder.

a. Write a linear function to model the monthly cost C(x) (in $) of a family
plan for x additional family members added.

b. Evaluate C(4) and interpret the meaning in the context of this problem.

Solution:

a.C(x) =mx+ b The base price $99 is the fixed cost with zero additional
family members added. So the constant b is 99.

Cx) = 12.99x + 99 The rate of increase, $12.99 per additional family member,
is the slope.

b. C(4) = 12.99(4) + 99  Substitute 4 for x.
= 150.96

The total monthly cost of the plan with 4 additional family members
beyond the primary account holder is $150.96.
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SECTION 2.8 Algebra of Functions and Function
Composition

Operations on functions:
Given functions f and g, the functions f + ¢, f — ¢, f* g, and jg:
are defined by
(f + ) = flx) + glx)
(f — ©)) = flx) — gx)
(f * 00 = f(x) + g(x)
. )
(f){x] = K provided that g(x) #= 0
g g(x)

The composition of f and g, denoted f° g is defined by
(f e g)x) = f(gx)).

The domain of fe g is the set of real numbers x in the domain

of ¢ such that g(x) is in the domain of f.
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Example 1:

Given f(x) = x — 3 and g(x) = x* — Tx

(f + 2x) = f(x) + glx) = (x — 3) + (x> — 7x)
= x* — 6x — 3

(E){x} _ 8 X —Ux provided x # 3.
I J(x) x — 3

Example 2:

|
Given f(x) = -+ 1o and g(x) = x> — Tx

1
(feg)x) = f(g(x)) = (v + 12
| |

(x> — 7x) + 12 (x — 3)(x — 4

The domain of fe gis {x | x = 3 and x = 4}.
In interval notation: (—oe, 3) U (3. 4) U (4, o).
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Evaluate a difference quotient:

The difference quotient represents the average rate of
change of a function f between two points (x, f(x)) and
(x + h, f(x + h)).

fx + h) — f(x)

Difference quotient

h
f(x) Secant line
! v = f(x)

| O(x + h. f(x + h))
I
I

P(x. flx |

- | (x. f(x)) |

i h i

F - . - X

X x+ h
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Example 3:

Given f(x) = 4x* — 5x evaluate the difference quotient.

fx +h) — f(x)

h f(x + h) f(x)
4+ h? = S+ )] — (42 — 5x)
B h
 [4(F + 2xh + h?) — 5x — 5h] — (4% — 5x)
N h
B 4x° + 8xh + 4h* — 5x — 5h — 4x* + 5x
- h
~ 8xh + 4h* — 5h

h

=8x +4h —35
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